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ABSTRACT

It is known that every completely J°-simple semigroup is isomorphic to a normalized Rees matrix semigroup
over a o - monoid. Utilizing this result, we show that the homomorphism of a completely J°-simple
semigroup is a good homomorphism. Consequently, we give a construction theorem of homomorphisms
between completely J°-simple semigroups. This result strengthens the one given by Ren et al. (2018) on

homomorphisms of completely J*-simple semigroups.
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INTRODUCTION

In generalizing regular semigroups to abundant
semigroups, Fountain (1982) adopted the following
relations defined as follows: let a and b be elements

of the semigroup S,

L*={(a,b) eSxXS: (Vx,yeS!) ax =ay © bx
= by},

R*={(a,b)eSxS: (Vx,yeS!) xa=ya < xb
= yb},

H*=L"NR",D*=L"VR".

It is well known that the above relations is called the

Green’s *-relations. The following relations given

below generalizes the Green’s *-relations and are

called Green’s o - relations.

Let a and b be elements of the semigroup S,

Lo°={(a,b)eSxS:(Vx,yeSt) ax =a < bx
= b},

R ={(a,b)eSxXS:(Vx,yeSt) xa=a < xb
= b},

He=L NR°,D° =L VR

*Corresponding author e-mail: u_ndubuisi@yahoo.com

We denote the relations £°,R°,H °and D° in S
by L°(5),R°(S),H°(S)and D°(S) respectively.
The L° -class containing an element a of the
semigroup S is denoted by Ly or Ly (S) in case of
ambiguity. The corresponding notation will be used
for classes of the other o - relations.

Following Fountain (1982), a semigroup S is called
an abundant semigroup if each L*-class and each
R* -class contains an idempotent. An abundant
semigroup is said to be super abundant if each H*-
class contains an idempotent, see Ren and Shum
(2004). We call a semigroup S o - abundant if every
L°-class andR°-class of S contains an idempotent of
S,moreover, if every H °-class of an o - abundant S
contains an idempotent, then we call such a
semigroup o - superabundant. Clearly, all regular
semigroups are o - abundant and all completely
regular semigroups are o - superabundant.
Obviously, both o - abundant semigroups and o -
superabundant semigroups are natural generalization
of regular semigroups and also completely regular
semigroups are within the class of o - abundant
semigroups.
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A semigroup S is a unipotent monoid Wang et al.
(2004), if S has a unique idempotent which is its
identity. A unipotent monoid S with the identity e is
called a o- monoid if § satisfies the condition that
for any x,y€eS, xy =x or yx =x implies that
y =e. Clearly, a cancellative monoid is a o -
monoid. For a more detailed knowledge, see
Fountain (1982), Howie (1995), Ren and Shum
(2007),Wang et al. (2004).

It is well known that completely simple semigroups
is a very important semigroup in the class of
completely regular semigroups. Chualin and
Yonghua (2011) gave the structure of completely
J°-simple semigroups which can be regarded as a
natural generalization of a completely simple
semigroups given in Petrich and Reilly (1999)and
completely [J*-simple semigroups given in Ma et al.
(2011)in the class of o - abundant semigroups.
Moreover, in the theory of o - abundant semigroups,
a homomorphic image of an o - abundant semigroup
need not be o - abundant and so the notion of good
homomorphism for o - abundant is given as follows:
a semigroup homomorphism 8 : S = T is said to be
good if for any a,b €S, a L° b implies a8 L° b6
and af R° b6.

Our aim is to consider the homomorphisms and
good homomorphisms between completely J* -
simple semigroups and describe the method of
construction of the homomorphisms (good
homomorphisms) between completely J* -simple
semigroups.In this paper, for the undefined notion
and notations the reader is referred to Chualin and
Yonghua (2011).

2. Preliminaries

If a semigroup S has an idempotente, the following
characterization is known.

Lemma 2.1 (Chualin and Yonghua, 2011).Let S be
a semigroup and e be an idempotent in S.Then the
following conditions are equivalent:

i) al’e.

il)ae = a andforall x €S, ax = a implies ex = e.

It is easy to show that if a, b are regular elements of
a semigroup S, then alb (aR b) if and only if
al*b (aR*b) if and only if aL°b(aR’Db).
Futhermore, it is easy to check that L°and R° are a

right and a left congruence respectively in a
semigroup S. It is important to note that L° is not
always a right congruence as illustrated in the
example below.

Example 2.2 (Chualin and Yonghua, 2011).
Suppose S = {p,q,7,s,t,u,v} with the following
Cayley Table:

. p q r N ¢ u v
p p r r ! ! u 14
q s q u s 14 U 1%
r 4 r 14 4 14 14 14
s s u u 1% 1% 1% 1%
4 4 14 14 14 14 14 14
u 14 U 1% 1% 1% 1% 1%
1% 1% 1% 1% 1% 1% 1% 1%
The semigroup S is generated by two

idempotentspand g. It can be easily checked that S is
associative. Then (p,s) € L°, but (ps, ss) = (t,v) €&
L°. Therefore L° is not a right congruence.

A semigroup S is said to  satisfy
(CR)((CL))condition if L°(R°) is a right (left)
congruence and S satisfy (C) condition if
L°and R° are right and left congruence,
respectively.

Proposition 2.3 (Chualin and Yonghua, 2011).
Suppose S be a semigroup satisfying (C) and
e € E(S).ThenH; is a o - monoid.

If S does not satisfy (C), then the H°-class which
contains an idempotent may not be a o - monoid. It
is well-known inFountain(1982) that H* -class
which  contains an  idempotent is a
cancellativemonoid. But this does not always hold
on H°, see Chualin and Yonghua (2011).

The connection between the Green’s *-relations and
the Green’s o - relations lies in the following
Lemma.

Lemma 2.4 (Chualin and Yonghua, 2011).Let S be
a left *- abundant semigroup, then £L° = L*.

According to Chuanlin and Yonghua (2011) an o -
abundant semigroup S without zero is called a
completely J° -simple semigroup if S itself is
primitive and the idempotents of S generate a
regular subsemigroup of S.
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Completely J° -simple semigroups have been
extensively studied in Chualin and Yonghua (2011).
We now state the following useful Lemmas.

Lemma 2.5 (Chualin and Yonghua, 2011). Let S be
a semigroup. Then the following statements are
equivalent:

i) Sis a completely J°-simple semigroup

ii) S1is o-superabundant and J°-simple

iii) S is isomorphic to a mormalized Rees matrix
semigroup M]T;I,A:P] over a o - monoid7, in
which [, A are non-empty sets, each entry in P is a
unit of T.

Lemma 2.6 (Chualin and Yonghua, 2011). Let S be
a completely J° -simple semigroup. Then the
following statements are true:

i)each H°-class contain a regular element

ii) each H °-class of S is isomorphic to a o - monoid.

The following Lemma is evident.

Lemma 2.7(Chualin and Yonghua, 2011).Let S be a
completely [J°-simple semigroup and a, b € S.Then
|Ha| = [Hpl .

Lemma 2.8 (Chualin and Yonghua, 2011). Let S be
a normalized Rees matrix semigroup and
M[T;I,A:P] is a matrix semigroup over a o -
monoid T in which each entry inP is a unit of T,
and let (i,x,1),(j,y,v) €S = M[T;I,A:P]. Then
the following statements hold:

)i, x,1)L°(j,y,v)if and only if A = v.

ii) (i, x, A)R°(j,y,v)if and only if i = j.

The following Lemma due to Fountain, 1982 for
abundant semigroups can be easily adopted for o -
abundant semigroups.

Lemma 2.9. Let S be an o - abundant semigroup and
6 : S = Tbe a homomorphism of semigroups. Then
the following statements are equivalent:

i) O is a good homomorphism

ii) For each elements a € S, there exists idempotents
e,f with eely and feR; such that
ab L°(T) e6,ab R°(T) f6.

3. Homomorphisms

We begin with an important property of completely
J°-simple semigroups.

Theorem 3.1. Let S=M][T;[,A:P] and S' =
M[T";I',A': Q'] be two completely J° -simple
semigroups and let 6 : S — S’ be a homomorphism.
Then 6 is a good homomorphism.
Proof. Let S = M[T;I,A:P] be a completely J°-
simple semigroup and let a=(i,x,A), b=
(J,y,v) € S. 1t follows from Lemma 2.4 and Lemma
2.5 that there exist an idempotent e = (i, 3/, /1) €S
such that ae = a. Suppose that 6:S—-S" is a
homomorphism, then we have that
ad = (i,x,1)0 = (", x",A)eS’,
b6 =y, 6 ="y, v)eS,
ed = (i,p3, )6 = (", (pz') , 2" €S".
Suppose that a £L° b. Thus from Lemma 2.1, we have
ae = aand be = b. But 8 is a homomorphism, so it
follows that
ad = (ae)d = abeb,
b6 = (be)B = bbeb.
Consequently, we have
@, x, ) = @, x, A0 (p7t), 1)
= (i"x'q/l’i*(P;il) '/1**)'
Gy v =Gy v (i (Pgil) )
= ("Y' @ (02) 1 27):
Hence, ' = 1" =v'. From Lemma 2.8, we have
that (i,x,1)0 L°(j,y,v)0.
Similarly, it follows that(i, x, )8 R°(j,y, v)6. Thus,
0 is a good homomorphism.

The following corollary is an
consequence of Theorem 3.1.

immediate

Corollary 3.2. Let S=M][T;I,A:P] and S’ =
M[T";I',A': Q'] be two completely J° -simple
semigroups. Suppose 6 : S - S’, then 6 maps each
L°~class of S into L°-class of S’ and maps each R°-
class of S into R°-class of S'.

The theorem below which is analogous to the one
given in Renet al. (2018) presents a structure
homomorphism theorem of completely J°-simple
semigroups.

Theorem 3.3. Let S= MJ[T;I,A:P] and S' =
M[T";I',A": Q'] be two completely J° -simple
semigroups and let 7 :i+>71; be a mapping of
lintoT' and [: A+ [; be a mapping of AintoT’
respectively. Let a:1-1', B : A— A’ and define
a homomorphism o : T = T’ by the rule
Pai0 = Ligagiati

for allieland A€ A. Define a map 6 : S - S’ by
the rule that
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(i, x,1)0 = (ia,r;(x0)ly,AB)

where (i,x,A) € S. Then 6 is a homomorphism.
Conversely, every homomorphism is of this type.
Proof. For the direct part of the theorem, we are to
show that for a=(i,x,1), b=(,y,v)eS, we
have a@b8 = (ab)6.
So we have that
(i,x,1)6(j, b, v)6
= (ia' T (XO') ll' Aﬁ) (ja' 7}(3’0') lv' UIB)

= (ia, 1;(x0) 4 qap,jaTi (Y01, V)

= (ia, 1i(x0) (paj0) yo)l,, vh)
(sinceppjo = Lqag,iati)
= (ia,1;(xp2;) oLy, vB)

(sinceo is a homomorphism)

= (i, (xp2jy, 17)9

= (i, x, D, b,v))e.
Thus 6 is a homomorphism.
Conversely, letS’ = M[T'; I',A": Q'] be a completely
J°-simple semigroup. Denote the set of R°-classes
of Sand S'by I andI’ and then the set of L°-
classes of S and S’ by Aand A'. Infact, we shall
treat [ and A as index sets and write R° -classes
asR; (i € I) and theL -classes as L) (4 € A). Without
loss of generality we may suppose that there exists
an element 1elNA such that Hy; =T. It is
obvious from Corollary 3.2 that there exists a map
a:l—-1"and B:A- A respectively. Also, by
Lemma 2.5, each H °-class of S is isomorphic to a
o - monoid. Put Hj; =T and Hip,5=T'
respectively.

Now let pii € T be an element of maximal subgroup
in the o - monoid and let pii'60 = q1p1, . Thus
every element x € T can be expressed as

1L pitx, DO = (12, q1p,14~* (x0), 15).

For a : T - T', suppose e is the identity element in
the o - monoidT, then ec is certainly the identity
element in the o - monoid T'. Define a mapping
r: i+ r;of Iinto T’ by the rule
(i,e,1)0 = (ia, 13, 1PB).
In a similar manner, define a mapping [: 1+
[, of A into T’ by the rule
(1' p1_11:/1)9 = (ia' Q1ﬁ,1a_1l/1'/1,8)-
Consequently, we have
[(Ge, D) (i e, D)0 = (i, pai, 1)
= [(i,e, D, p1ipai, DA, pi1, 16
= (6,6, DO(L, pripai, DO(L, pix, DO

= (16{, T 1,8)(16{, Chﬁ,la_l(p/lio-)' 1,8)(16{, ('hﬁ,la_ll/lillg)
= (o, Ti%ﬁ,m%ﬁ,m_l(P/liO'), 18)(1a, ‘hﬁ,m_llz, AB)

= (ia,1;(pai0) 1, AB)

foriel, A e A

Also, we have that
[(G,e,N)(i,e,1)]8 = [(i,e,1)O][(i, e, 1)0O]

= (ia,r;(ea)ly, AB) (ia, r;(ea)ly, AB)

= (ia, ri(ea)1qsp,iq7i (€)1, AB).
Now,
since[(i,e,1)(i,e,1)]0 = (ia, ri(py;0)1;, AB) and
[(G,e,N)(i,e,1)]0

= (ia, rl-(ea)l,lqw,mri(ea)l,l,/1,8),

comparing the middle coordinates gives
1i(pri0) ) = 1,(ed)1qup,ia1i (o))
=1 qap,iatila
(sinceeo is an identity element of T').

From 0:S5 - S’, it is known that the element
(i,e,1) € S is a completely regular element likewise
(i,e,1)0 = (ia,1;,1B) € S'. Thus r; belongs to the
maximal subgroup of T'.Infact, there exists r{ € T’
such that r/r; = ec.In a similar manner, there exists
l; such that [;1; = eo.
Now from 1;(py;0)ly = rilaqapiarila, if we then
multiply the LHS by r/ and the RHS by [}, we have
that

r{ri(puo)aly = ririliqag iarilil;

= ea(pyi0)eo = ealyqup iati€o

= Pai0 = Liqapiati (sinceeo is an
identity element of T").

Thus, every element (i, x, 1) € S can be expressed as
(i; X, A) = (l' e, 1)(1' pl_llx' 1)(1' pl_ll' A)

So we have that
(G, x, M6 = [(i,e, 1)(1, pitx, 1) (1, pit, 416
= (i,e,1)0(1, piix, 1)6(L, pif, 1)

= (i, 7, 1) (1@, G114 (x0), 1B) (A, 415162, AB)
= (i, ri%ﬁ,m%_/)},m(xo')' 18)(1q, ‘h_/)},ml)l' AB)
= (ia, r;(x0) 1y, AB) .

Finally, we show that 6 is a homomorphism for
(i' xlﬂ’)l (j;y; 17) ES

We now have that,
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(i,x,1)6(,y,v)6
= (ia,1;(xa), AB) (ja, i (yo)L, vp)
= (ia, ri(x0) 1 qap ja i (YO) 1y, V)
= (ia, 11(x0) (1qap jai) YO, , VB)
= (ia,1;(x0) (paj0) (yo)l, , vp)
= (ia, 7y[(xp2;)0lly , vB)
= (i, XDAjYs 17)9
= [, x, D0, y,v)]6 .

Thus @ is a homomorphism.
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